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ALI GUREL 


(1) (Korea-98) Let 2, y,z > 0 with e+ y+ z= xyz. Show that 
1 1 ,; 1 <3 
Vita? /1lt+y? ' J/I+227~ 2 


(2) (MOP-02) For positive numbers a, b,c, prove that 
2a \8 2b \3 2e \8 
+ t > 3. 
b+e cta a+b 


(3) Let a,b,c > 0 satisfying abc = 1. Prove that 
1 1 


1 
+ - 
orth vett+h atith 


> 72. 


(4) Let a,b,c > 0 satisfying a+ b+c= 1. Show that 
a b Vabe 3V3 
4 


<1 
a+ be rails a a t 


(5) (KMO-01) Prove that for all a,b,c > 0, 
J (a2b + be + c2a)(ab? + be? + ca?) > abe + ¥/(a? + abc)(b3 + abc)(c3 + abc): 


(6) (APMO-05) Let a,b,c > 0 such that abc = 8. Prove that 
ar b? om 


J(1 + a3)(1 + 63) # J/(1 + 63)(1 + 3) J/(1+)(1 + a3) 2 3° 


(7) (IMO-01) Let a, b,c be positive numbers. Prove that 
a uy b Me c i 
Va2+8be Vb? +8ca Vc? + 8ab — 


(8) (Latvia-02) Let a,b,c,d be positive real numbers such that 
a ee ee eee ee 
lt+at 1464 1+ct  1+d4* | 


Prove that abcd > 3. 
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Problem 1, Solution by Sam Keller: Let « = tan A, y = tan B, and c = 
tanC. Because «+ y+ z= xyz, A,B,C are three angles of a triangle. Also 
1 


because x,y,z > 0 the triangle is acute. Then since Jing = 008 A, we want 


cos A +cosB+cosC < 3. Because x — cosx is concave on [0,7.2), by Jensen’s 
inequality 


A+B 
cos A+ cos B + cosC < 3cos (3°) a (3) i) 


2 


Problem 2, Solution by Zhifan Zhang: We claim that (2s) . > eno Ob- 


serve that the cyclic sum of this inequality gives the desired inequality. Since this 
inequality is homogenous, after normalization we may assume that a+b+c= 1 
and 0<a< 1. Then after cubing both sides and simplifying it becomes equivalent 
to a(1—a)? < x, which follows from AM-GM on the three numbers 2a, 1 — a and 
l-a 


Problem 3, Solution by Taylor Han: Note that r+ y+1 > /2x+2y+1. 
Adding a cyclic sum of these, and using that abc = 1, we get 


= va(— 
ove [b+ 2 +h b+it1l c+ H#tl at+f4l 


1 b ny = 
— 2 + + a — 2 
(aa +4145 sist) M 


V 


Problem 4, Solution by Wenyu Cao: By AM-GM, ee > V3abc. Thus, 


V abe is V3(ab + 3c) = V3 J/3c 
= 2 . 
ctab~ 6(ab+c) 6 3(c+ ab) 


Furthermore, 


a b a(b+c) + b(a+c) c+ 2a me ear 48 


gate bbe GOLA) c+ab etub ° Te 
Thus, it suffices to show that 


Ce eras 2 4, 73 
c+ab "1-e7 12 
Note that (1+ @) Cc 7s <0 for all0 <c <1. Thus, by AM-GM we get 
3 2c 3 2c 
(1+ @)e- 25 2 (1+ @)c- 2 2 
< 5 + . 
c+ab l-—c et (452) l-c¢ 


Let f(c) denote the RH'S of the last inequality. After some calculations we find 
that, f’(7 — 4/3) = 0 and investigating the sign of f’ we see that the maximum 
value of f is f(7 — 4/3) =1+ 7v3 Hence, we are done 
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Problem 5, Solution by Damien Jiang: Dividing both sides by abc and letting 


L=F,y= B and z= £ we get the equivalent inequality: 


Vay + yz + 2a)(a@ ty +2) > 147 (e@+y)(y+z)(z +2), where x,y,z > 0, and xyz = 1. 
Let A = (x+y)(yt+z)(z+2). Note that (cy+yz+2x)(a+yt+z) = At+ayz = A+1. 
So it remains to prove that A+ 1> 1+ WA which after squaring and simplifying 
becomes equivalent to (WA — 2)(WA-+1) > 0. Finally this follows from AM-GM, 
ie. A> 8xyz =8 or VA>2 


Problem 6, Solution by poy ee (anally): First note that TS 2 
7 a . Using this and letting x = 7 ,y " ,2 = F, it suffices to prove the following 
inequality: 


x Yy z 1 
+ 2 
(1+2x)(14+2y) (14+2y)(1+2z)  (1+2z)(1+ 2x) ~ 3 
where x,y,z > 0 such that xyz = 1. After multiplying out and canceling terms, we 
get the equivalent inequality 


(atytz)+2(ey+ yz4+ 22) > 9, 
which follows from AM-GM, since ryz = 1 


Problem 7, Solution by Minseon Shin: By weighted Jensen on the convex 


function f(x) = Te we have 
a b c 
a2+8bc az b2+8ac + c2+8ab > 1 . 
at+b+ec -_ a(a?+8bc)+b(b?+8ca)+c(c?+8ab) 
atb+e 
We need to show that , 
a+o+c 
>1 
a3+b3+c3+24abe 
a+b+c 


which is equivalent to 


(a+b+c)? >a +b) +c + Mabe S° ab > S° abe 


sym sym 


which is Muirhead inequality: [2,1,0] > [1,1,1] 


Problem 8, Solution by Joshua Pfeffer: Let log S = log a+log b+log c+log d < 


log 3. Observe that the function 7 — Te is convex. So by Jensen’s Inequality: 
1 1 4 
WS Gea =) ees ea 1+ elog S$’ 
cyc cyc 


which implies that S > 3, as desired 


